Molecular dynamics (MD) simulations are widely used to analyse materials at the atomic scale. However, MD has high computational demands, which may inhibit its use for simulations of structures involving large numbers of atoms such as amorphous polymer
computationally intense process can be simplified by using molecular statics, in which the simulation can be considered to include a damping force that gradually removes energy from the system until the atoms have zero velocity. Although molecular statics simulations require less computational power than molecular dynamics, amorphous polymers still present a computational challenge. Especially when repeated simulations are required, for example when analysing a polymer during degradation.
To enable the analysis of more complex structures, or to enable a greater number of simulations, several authors have developed more computationally efficient method for atomic analysis [7] [8] [9] [10] . Liu et al. [9, 10] developed an atomic-scale finite element method (AFEM) in which the molecular dynamics force field is represented by finite elements.
Their method offered significant reductions in computational demands versus the conjugate gradient method in molecular mechanics. For nonlinear potential energy functions, an iterative procedure was required in order to minimise the total potential energy in a structure. Wang et al. [7, 8] also developed atomistic finite elements to represent the interaction between atoms through finite element analysis. The elements they developed represent the polymer as a chain of elastic rods connected to each other by elastic joints, which facilitate angular potential energy terms to be considered. Again, an iterative procedure was used in the simulations. The work of Liu et al. [9, 10] and Wang et al. [7, 8] demonstrate the value of atomistic finite element methods. However, due to the iterative nature of their methods, the computation benefits over MD are limited.
This study presents a new atomic finite element method (AFEM), in which nonlinear interatomic potential energy functions are adapted to enable static linear analysis.
Simulations are completed in a single step as opposed to numerous iterations. The reduced computational demands permit the analysis of large atomic structures, including amorphous poly(lactide). This simplification is possible if one is only interested in very small displacement of atoms from their equilibrium positions, such as when calculating Young's modulus of a polymer. Atomic finite elements are specifically formulated to represent all atomic interactions in the PLAFF2 [5] molecular dynamics force field for poly(lactide). In this first paper of a two-part series, the AFEM simulation technique is developed and demonstrated for crystalline and amorphous poly(lactide) structures. In the second paper [11] the effect of polymer chain scission on the degradation of Young's modulus is analysed. Such analysis has not previously been conducted for an atomic model of a biodegradable polymer. The AFEM simulation results are used to develop a numerical model for Young's modulus change of degrading polymers.
Molecular dynamics polymer force field
In molecular dynamics, the interactions between atoms are described by force fields that relate atomic coordinates to potential energy. McAliley developed the PLAFF2 force field specifically for poly(lactide) and supplied it as supplementary information with his thesis [5] . This force field is used as a basis for the AFEM approach presented in this study.
This section gives a brief overview in Eqs. 1 -8 of the atomic interactions described by the force field. Further details can be found in McAliley's thesis [5] and in the manual of the MD software Gromacs [12] . Fig. 1 shows a four-atom section of a polymer chain.
Several different forms of atomic interaction are shown. In the force field, each type of interaction is represented by a potential energy function. Potential energy is calculated for covalently bonded atoms based on:
 interatomic separation (the bond-stretch potential energy);
 the angle between adjacent bonds (the bond-angle potential energy;  and rotation of the polymer chain about a bond (the bond-dihedral potential energy).
The figure also shows how potential energy is associated with the interatomic separation of atoms that are not covalently bonded (the nonbond potential energy). These potential energy forms combine to represent the overall atomic interaction in a material. Although the AFEM approach presented in this study is based on a specific force field, it simply translates to a wide range of force fields for different materials.
Atomic simulations of material properties typically consider the potential energy of a representative unit cell of polymer, which repeats to infinity in all directions. The total potential energy of the unit cell, V MD (kJ mol -1 ), according to the PLAFF2 force field is given in Eq. 1 as
which is the sum of potential energies for all bond-stretch, V b , bond-angle, V a , bonddihedral, V d , and nonbonded, V nb (all kJ mol -1 ), atomic interactions. The term Fu is the applied work due to an externally applied force, F (N), and the displacement where F is applied, u (nm). In molecular statics simulations, the atomic coordinates are found such that V MD is minimised. The minimisation of potential energy results in the atomic configuration that the force field suggests is likely to exist in a real material. When an overall force is applied to the material and results in a strained atomic configuration, the increase in potential energy is used to calculate Young's modulus. ) is the bond-stretch force constant, r ij (nm) is the atomic separation, and r 0 (nm) is the equilibrium atomic separation. -1 ), is calculated as
Bond-angle potential energy, V a (kJ mol
) is the bond-angle force constant, θ (rad) is the angle between atoms i, j, k, and the equilibrium angle is θ 0 (rad). ) are six Ryckaert-Bellemans coefficients. The force field also considers a periodic dihedral function for which the periodic dihedral potential energy,
Bond-dihedral potential energy, V d (kJ mol
) is the periodic dihedral force constant, Φ 0 (rad) is the phase shift and n Φ (no units) is the multiplicity which dictates the number of peaks in the potential energy for one complete rotation of the bond. 
The Lennard-Jones potential energy accounts for the long range attractive van der Waals interactions and the short range Pauli repulsion due to overlapping electron orbitals.
It can be calculated as In the PLAFF2 force field, the nonbond potential energy function does not apply to atoms that are separated by just one or two covalent bonds since the repulsive forces become too great. It is assumed that the bond-stretch and bond-angle potential energy terms Fig. 1 Schematic of the interatomic potential energy terms: bond-stretch, bond-angle, bond-dihedrals, which are divided into proper and improper dihedrals, and nonbonds.
Adaptation of nonlinear MD potential energies terms for AFEM
The AFEM approach presented in this study is based on the MD force field PLAFF2, which was discussed in the previous section. The bond-dihedral and nonbond potential energy terms in the force field are not suitable for static linear analysis. They require iterative simulation techniques, which have much greater computational demands. To enable static linear analysis, the total potential energy given in Eq. 1 is adapted here.
The adapted total potential energy of the unit cell, V MD_FEM (kJ mol -1 ), is given by Eq. 9
in which V d_FEM (kJ mol -1 ) is the adapted bond-dihedral potential energy and V nb_FEM (kJ mol -1 ) is the adapted nonbond potential energy. As with MD simulations, the total potential energy is minimised in order to find the atomic displacements due an externally applied force. The molecular dynamics bond-stretch and bond-angle potential energy terms in the PLAFF2 force field take the harmonic form as given in Eqs. 2 and 3. The bond-dihedral and nonbond potential energy terms take more complex forms. They are adapted here to also take a harmonic form.
Finite elements are derived in this study to represent each of the potential energy terms in the force field. The potential energy of each individual finite element, V el is (kJ mol -1 ),
In Eq. 10, k el is the force constant (kJ mol -1 nm -2 for linear displacement or kJ mol -1 rad -2 for angular displacement). The term d el is the change in length (nm) for bond-stretch and nonbond finite elements, or change in angle (rad) for bond-angle and bond-dihedral finite elements. The subscript el is set to:
 b, to represent bond-stretch finite elements  a, to represent bond-angle finite elements  d_FEM, to represent bond-dihedral finite elements  and nb_FEM, to represent nonbond finite elements.
The double derivative of potential energy V el in Eq. 10 with respect to change in length or angle d el gives finite element stiffness k el according to
Since the PLAFF2 force field uses a harmonic form of bond-stretch and bond-angle potential energy, k el takes the values k b and k a which are explicitly given in the force field for use in Eqs. 2 and 3. For the bond-dihedral and nonbond potential energy terms however, the values of k d_FEM and k nb_FEM are not explicitly given in PLAFF2. They are derived here for use in the harmonic potential energy in AFEM by twice differentiating the PLAFF2 potential energy terms for bond-dihedrals and nonbonds with respect to length or angle. This represents an assumption that the element stiffness does not change significantly during deformation, which is appropriate for studies of very small displacements.
Eqs. 12 and 13 give the double derivatives of the two bond-dihedral potential energy terms used in the PLAFF2 force field with respect to the dihedral angle Φ:
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These derivatives give k d_FEM , the bond-dihedral finite element stiffness based on the atomic coordinates. The double derivative of the nonbond potential energy terms used in the PLAFF2 force field is 14 which gives that value of nonbond finite element stiffness, k nb_FEM , based on atomic separation. polymer structure in this study, nonbond elements with negative stiffness are considered to represent broken bonds and therefore are not included in the simulations. A similar trend occurs for dihedrals but as opposed to nonbonds, where there is a threshold interatomic separation above which stiffness is negative, there are angular ranges in which the dihedral stiffness is negative. In these ranges, the dihedral potential energy function represents an atomic state in which changes to the dihedral angle are not resisted. Therefore bond-dihedral atomic finite elements with a negative stiffness are also excluded from the simulations. Fig. 2 The PLAFF2 nonbond potential energy is shown for a nonbond between a two atoms in poly(lactide). The single and double derivatives with respect to interatomic separation indicate interatomic force and finite element stiffness respectively.
Formulation of the atomic finite elements
This section presents the formulation of the atomic finite elements for bond-stretch, bondangle, bond-dihedral and nonbond potential energies. The finite elements are derived from the theory of minimum potential energy as discussed in the previous section. To minimise total potential energy, the differential of the potential energy sum with respect to atomic displacements must equal zero. The Direct Stiffness Method is commonly used to set up finite element simulations. In the Direct Stiffness Method, the individual contribution of each finite element to the overall differential is identified. These Energy (kJ mol Interatomic force
Interatomic energy
Interatomic stiffness contributions are calculated here for each potential energy type by differentiating the potential energy of individual finite elements with respect to atomic displacements.
Bond-stretch and nonbond AFEM elements
The bond-stretch and nonbond AFEM elements take the same form as linear elastic spring finite elements. They are derived in Eqs. 15 -20 using the same approach that that is applied later for the more complex bond-angle and bond-dihedral finite elements. Fig. 3 shows a bond-stretch element with an initial length of L AB before displacement.
Total elongation of the element, ∆L AB , is given by
where ū A is the vector displacement of atom A, ū B is the vector displacement of atom B
and r̄A B is the vector from atom A to atom B. It is necessary to consider ∆L AB in terms of the individual Cartesian atomic displacements u 1 to u 6 to enable differentiation of Eq. 10.
The term α i is used to indicate the effect of the ith atomic displacement, u i , on the overall element elongation, such that total elongation of the element can be described by
This is the sum of all the atomic displacements multiplied by their individual effects on overall element elongation. The six α i terms can be found by differentiating Eq. 15 by the six u i terms according to
The interatomic potential energy of the element, is found by substituting ∆L AB into Eq. 10
as d el to give 
Fig . 3 Schematic of a bond-stretch element in AFEM containing 2 atoms. The displacements of both atoms contribute to overall elongation of the element. Fig. 4 shows a bond-angle finite element for which change to the angle between three atoms is considered. As with the bond-stretch element above, the change in bond-angle must be formulated in terms of atomic displacements in order to derive the element stiffness matrix. This derivation is described here in Eqs. 21 and 22. The total change in bond-angle in terms of the vector atomic displacements is given by 
Bond-angle AFEM element
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(c). Similarly, the change in angle Φ
where L D_n is defined in Fig. 6 (d) . For atoms B and C, the relationship between their atomic displacement and change in dihedral angle is complicated by the fact that their displacement leads to a change in the vector r̄B C . Fig. 7 (a) shows a view along r̄B C with atoms A, B and C all in the horizontal plane. The arbitrary plane used previously in Fig. 6 (b) is chosen here to contain atoms A, B and C so the angle Φ A is equal to zero in Fig. 7 (a) . The horizontal component of any displacement of atom B in Fig. 7 (a) has no effect on the angle Φ A . This is because the plane ABC is unaffected by atomic displacement within the plane. Only the n̂A component of the displacement of atom B, given by ū B ·n̂A, affects the angle. This effect is demonstrated in Fig. 7 (b) -(d) . Fig. 7 (b) shows a perpendicular view of Fig. 7 (a) , with atoms A, B and C still in the horizontal plane. 
in which the terms in brackets are the effective displacement of atom A due to ū B . The terms L BC and L A_p are shown in Fig. 7 . The distance L A_p is directional and has a sign convention such that it is positive when the angle ABC is less than 90°. In a similar manner, the change in angle Φ A due to displacement ū C of atom C is calculated as
and the change in angle Φ D due to displacements ū B and ū C respectively are
As with L A_p , the sign convention for L D_p is that it is positive when the angle BCD is less than 90°. 
AFEM program setup and polymer structures
The AFEM simulations import atomic coordinates from molecular dynamics polymer structure files. The coordinates are given for a central unit cell which repeats periodically in x, y and z directions to infinity. Periodic boundary conditions are used in MD and AFEM simulations. A nonbond cut-off distance of 0.95 nm is used since this value is frequently used in MD simulations. The repeats of this central unit cell are called images. The crystalline structure used in this study was proposed by Sasaki and Asakura [13] . Fig. 8 (a) shows the unit cell of the crystalline structure. The unit cell is repeated once in the x, Young's modulus is calculated based on the strain energy sum for all AFEM elements.
For a unit cell of continuous material that is uniaxially strained, the strain energy stored in the material, U, is equal to the work that is applied to the material. It is given by
where F is the force applied to the unit cell boundary and u is the cell elongation that results from the applied force. The value of strain energy calculated in the AFEM simulations is used to determine F. Young's modulus is calculated as stress divided by strain through the values of F, u, the unit cell length and the cross-sectional area of the unit cell perpendicular to the applied force. The values of Young's modulus and Poisson's ratio are given in Table 1 and Table 2 .
Young's modulus is greater in the z direction than in the x or y direction, which is to be expected since in the z direction the polymer chain covalent bonds must deform to allow the polymer chain to elongate. In the x and y directions, the polymer chains are connected by weaker nonbonded interactions. The Poisson's ratio values ν zx and ν zy , which indicate the z strains that result from applied x and y strains, are smaller than the other values as a result of the crystal being stiffer in the direction of the chains. Table 1 also details the distribution of interatomic potential energy increases amongst the different AFEM element types, which is referred to as strain energy. The percentages of total strain energy attributed to each element type are shown. Nonbond elements contain the majority of strain energy. This supports the general understanding that strain in polymers is accommodated by deformation of weaker intermolecular bonding rather than of stiff covalent bonds. The strain energy fraction contained in nonbonds is much lower when the strain is applied in the z direction than in x and y. This is because for an applied strain in the z direction, it is not possible for the main chain elements to avoid strain since the chains are physically elongated in the z direction. [18] [19] [20] . If a single crystal had a Young's modulus of 3x this value, at 0K the Young's modulus in the direction of the polymer chains may be expected to be between 54GPa (3x3x6GPa) and 192GPa (8x3x8GPa). Therefore, the value calculated in Table 1 of 128GPa is reasonable. For the AFEM simulations of the amorphous phase, the values of Young's modulus, Poisson's ratio, and strain energy distribution are given in Table 3 . Again, a value of 2% strain is used. The value of 0.255 for Poisson's ratio is reasonable for a glassy polymer.
The value of Young's modulus is higher than typical experimental values (e.g. 0.5-5GPa) which is due to the fact that the simulations are effectively conducted at 0 Kelvin as applied strain discussed above. In comparison to the crystalline results, amorphous Young's modulus is lower. This result supports the validity of the AFEM simulations because it is to be expected that Young's modulus would be higher in a crystalline phase than in an amorphous phase. As with the crystalline structure, the distribution of strain energy is plausible because the nonbonded interactions contain the majority of strain energy in the AFEM results. The percentage of strain energy in nonbonds for the amorphous structure is in between the percentages for the crystalline structure tested normal to and parallel to the polymer chain orientation. This is because in an amorphous structure, the chains have a variety of orientations.
Typically in experimental publications of biodegradable polymer degradation, the value of Young's modulus is normalised by the initial value, therefore the absolute value is not of critical importance. The primary purpose of the AFEM technique presented in this study is to simulate the effect of chain scission on Young's modulus in the amorphous phase, which is studied in the accompanying paper [11] . This leads to a new mathematical model for Young's modulus degradation in biodegradation polymers. Table 1 AFEM results for Young's modulus and strain energy distribution in the crystalline structure for an applied displacement in the x, y, and z directions. Table 2 Poisson's ratio for the crystalline polymer structure.
Young's modulus (GPa) 37.1
Strain energy in bond-stretch elements 1.9%
Strain energy in bond-angle elements 4.2%
Strain energy in bond-dihedral elements 2.0%
Strain energy in nonbonds elements 91.9%
Poisson's ratio 0.255 Table 3 AFEM results for Young's modulus, Poisson's ratio and strain energy distribution in the amorphous unit cell.
Conclusion
A new atomic-scale finite element method (AFEM) was developed for the analysis of biodegradable polymer Young's modulus. The molecular dynamics force field PLAFF2
[5], which was specifically developed for poly(lactide), was used to derive the AFEM technique. In AFEM, atomic-scale finite elements represent the interatomic potential energy functions in molecular dynamics. Three different types of finite elements were required in order to represent potential energy functions (i) for the interatomic separation between two atoms, (ii) for the angle between three atoms that are covalently bonded, and (iii) for the angle between the ijk and jkl planes for four atoms i,j,k,l that are covalently bonded. The formulation of these finite elements was described and finite element stiffnesses were derived from the PLAFF2 force field [5] . AFEM simulations were conducted to analyse the mechanical properties of crystalline and amorphous poly(lactide) structures. The strain energy in the strained structures was found to be contained mostly in nonbond elements between atoms that are not covalently bonded.
This finding agrees with the general belief that strain is accommodated in between the polymer chains rather than in stiff covalent bonds. The AFEM method enables great computational benefits over iterative molecular dynamics simulations. This allows the repeated analysis of complex amorphous polymer structures. It is therefore ideal for simulating chain scission in biodegradable polymers during degradation. That is the focus of the second study in this two part series [11] , which develops a model for the degradation of Young's modulus due to chain scission.
